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An analysis has been carried out to study the non-Darcy natural convention flow of Newtonian fluids on a
vertical cone embedded in a saturated porous medium with power-law variation of the wall
temperature/concentration or heat/mass flux and suction/injection with the streamwise distance x. Both
non-similar and self-similar solutions have been obtained. The effects of non-Darcy parameter, ratio of
the buoyancy forces due to mass and heat diffusion, variation of wall temperature/concentration or
heat/mass flux and suction/injection on the Nusselt and Sherwood numbers have been studied.

� 2009 Published by Elsevier Ltd.
1. Introduction

The natural convention flow over a surface embedded in sat-
urated porous media is encountered in many engineering prob-
lems such as the design of pebble-bed nuclear reactors,
catalytic reactors and compact heat exchangers, geothermal
energy conversion, use of fibrous material in the thermal insula-
tion of buildings, heat transfer from storage of agricultural prod-
ucts which generate heat as a result of metabolism, petroleum
reservoirs, storage of nuclear wastes, etc. The comprehensive re-
views of papers on this topic have been presented by Cheng
[1,2], Pop et al. [3], Nield and Bejan [4], Vafai [5], Pop and Ing-
ham [6] and Ingham and Pop [7].

The natural convection on vertical, inclined and horizontal
surfaces in porous media has been studied by a number of authors
[8–14] who used Darcy’s law. Bejan and Khair [15] have used scale
analysis to study the heat and mass transfer by natural convection
over a vertical plate in a Darcy porous medium and showed that
the natural convection phenomenon conforms to one of four possi-
ble regimes depending on the buoyancy ratio and Lewis number.
They have discussed nicely the limits of the Lewis number Le and
the buoyancy ratio force. The non-Darcy effect on the natural con-
vection boundary layer on an isothermal vertical flat plate embed-
ded in a porous medium was studied by Plumb and Huenefeld [16],
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Chen and Lin [17] and Chamkha [18]. Hung et al. [19] considered
the non-Darcy free convection from a non-isothermal vertical sur-
face in a thermally stratified porous medium. Minto et al. [20]
studied the natural convection flow driven by an exothermic reac-
tion over a vertical surface in a porous medium. Rees and Pop [21]
examined the effect of the variable permeability on the natural
convection flow on a vertical surface in a porous medium. Recently,
Singh and Singh [22] and Kumari and Nath [23] have considered
certain aspects of the buoyancy-induced flow on vertical and hor-
izontal surfaces in a porous medium. Yih [24] has reported the ef-
fect of uniform mass flux on the free convection flow from an
isothermal vertical cone embedded in a saturated porous medium
using Darcy model.

In this analysis, the natural convection non-Darcy flow over a
vertical permeable cone embedded in a saturated porous medium
has been considered. The buoyancy forces arise due to the
combined effects of thermal and mass diffusion. The effect of the
surface mass transfer has also been considered. The wall tempera-
ture/concentration or surface heat/mass flux and the surface suc-
tion/injection are assumed to have power-law variation with the
distance measured from the vortex of the cone. Recently, Kumari
and Jayanthi [25] have considered the effect of uniform lateral
mass flux on the natural convection flow on a vertical cone embed-
ded in a porous medium saturated with a power-law fluid for the
constant wall temperature case. The present problem for S ¼ 0
(without mass diffusion), M ¼ N ¼ 0 (uniform heat and mass flux)
reduces to that of Kumari and Jayanthi [25] for the Newtonian fluid
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Nomenclature

C species mass fraction or concentration
C0 species mass fraction at x ¼ L
D binary diffusion coefficient
Erx Ergun number
f reduced stream function
f 0 dimensionless velocity
g gravitational accelaration
k effective thermal conductivity of the saturated porous

medium
K permeability of the porous medium
K� inertial coefficient of the Ergun equation
L characteristic length
Le Lewis number
m mass flux of diffusing species
m0 value of m at x ¼ L
M index in the power-law variation of wall temperature/

concentration or wall heat/mass flux with the stream-
wise distance x

N index in the power-law variation of the normal velocity
at the surface with the streamwise distance x

Nux local Nussselt number
Pr Prandtl number
qw; q0 local surface heat transfer and its value at x ¼ L, respec-

tively
r local radius of the cone
Rax; Ra�x local Rayleigh numbers for PWT/PWC and PHF/PMF

cases, respectively
S; S� ratio of the buoyancy force due to mass diffusion to the

buoyancy force due to the thermal diffusion for PWT/
PWC and PHF/PMF cases, respectively

Sc; Shx Schmidt number and local Sherwood number, respec-
tively

T; T0 temperature of the fluid and its values at x ¼ L, respec-
tively

u; v velocity components in x and y directions, respectively
x; y co-ordinates along the cone and normal to it, respec-

tively

Greek symbols
a effective thermal diffusivity of saturated porous med-

ium
b; b� volumetric coefficients of thermal expansion and

expansion with mass fraction, respectively
g; n transformed co-ordinates
g1 dimensionless boundary layer thickness
h dimensionless temperature
k; k� non-Darcy parameter for PWT/PWC and PHF/PMF cases,

respectively
l; m dynamic and kinematic viscosities of the fluid, respec-

tively
q fluid density
/ dimensionless concentration
w; X stream function and semi-vertical angle of the cone

Subscripts
w condition at the wall
1 ambient condition

Superscript
0 prime denotes derivative with respect to g
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(i.e., when we put n ¼ 1 in their equations). Hence for the Newto-
nian fluids, our problem is more general than that of Kumari and
Jayanthi [25]. The non-linear coupled parabolic partial differential
equations governing the non-similar flow have been solved by an
implicit finite difference scheme [26]. For some particular cases,
self-similar solutions have been obtained. The results have been
compared with those of Bejan and Khair [15], Yih [24] and Kumari
and Jayanthi [25]. The present results are more general than those
available in the literature and they will be useful in catalytic reac-
tors and storage of agricultural products.
2. Analysis

Consider a vertical cone with semi-vertical angle X embedded
in a saturated porous medium with ambient temperature T1 and
concentration C1. The streamwise co-ordinate x is measured from
the tip of the cone along the ray, and the transverse co-ordinate y is
measured normal to it. The wall temperature Tw and the concen-
tration Cw or the heat flux qw and mass flux mw as well as surface
mass transfer fw are assumed to have power-law variation with the
streamwise distance x. For low concentrations of the diffusing spe-
cies with negligible diffusion-thermo and thermo-diffusion effects
with the assumptions of negligible effects of the buoyancy-induced
streamwise pressure gradient terms and imposing Boussinesq
approximations along with the boundary layer assumptions and
using the non-Darcy model of Ergun [27], one can write the conser-
vation equations for the steady laminar boundary layer along a
vertical cone as [11,24].

@

@x
ðruÞ þ @

@y
ðrvÞ ¼ 0; ð1Þ
@u
@y
þ qK�

l
@

@y
ðu2Þ ¼ gbK cos X

m
@T
@y
þ gb�K cos X

m
@C
@y

; ð2Þ

u
@T
@x
þ v @T

@y
¼ a

@2T
@y2 ; ð3Þ

u
@C
@x
þ v @C

@y
¼ D

@2C
@y2 : ð4Þ

The boundary conditions are given by

vðx;0Þ¼vwðxÞ; uðx;1Þ¼0; Tðx;1Þ¼ T1; Cðx;1Þ¼C1;

Tðx;0Þ¼ TwðxÞ; Cðx;0Þ¼CwðxÞ; ðPWT=PWC caseÞ;
@Tðx;0Þ=@y¼�qwðxÞ=k; @Cðx;0Þ=@y¼�mwðxÞ=D; ðPHF=PMF caseÞ;
uð0;yÞ¼0; Tð0;yÞ¼ T1; Cð0;yÞ¼C1; y>0: ð5Þ

It is convenient to reduce the number of equations as well as
transform them in dimensionless form. In order to achieve these
objectives, we apply the following transformations

n ¼ 2vwx=ðaRa1=2
x Þ; g ¼ yx�1Ra1=2

x ; r ¼ xsinX;

w ¼ arRa1=2
x f ðn;gÞ; ru ¼ @w=@y; rv ¼ �@w=@x;

TwðxÞ � T1 ¼ ðT0 � T1Þðx=LÞM ; CwðxÞ � C1 ¼ ðC0 � C1Þðx=LÞM;
vw ¼ v0ðx=LÞN ; Rax ¼ gb cos XðTw � T1ÞKx=ma;
hðn;gÞ ¼ ðT � T1Þ=ðTw � T1Þ; /ðn;gÞ ¼ ðC � C1Þ=ðCw � C1Þ;
Pr ¼ m=a; Sc ¼ m=D; Erx ¼ K�a=ðmxÞ;
S ¼ ðC0 � C1Þb�=ðT0 � T1Þb; Le ¼ a=D ¼ Sc=Pr;

f ðn;0Þ ¼ fw ¼ �2�1ðN þ 2Þ�1n; k ¼ ErxRax; ð6Þ



Table 1
Nusselt and Sherwood numbers for k ¼ n ¼ M ¼ N ¼ 0 with those of Bejan and Khair
[15].

S Le Present results Bejan and Khair [15]

Ra�1=2
x Nux Ra�1=2

x Shx Ra�1=2
x Nux Ra�1=2

x Shx
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to Eqs. (1)–(4) and we find that (1) is identically satisfied and (2)–(4)
reduce to

f 0 þ kðf 0Þ2 ¼ hþ S/; ð7Þ

h00 þ 2�1ðM þ 3Þf h0 �Mf 0h ¼ 2�1ð2N �M þ 1Þnðf 0@h=@n� h0@f=@nÞ;
ð8Þ

Le�1/00 þ 2�1ðM þ 3Þf /0 �Mf 0/

¼ 2�1ð2N �M þ 1Þnðf 0@/=@n� /0@f=@nÞ; ð9Þ

where boundary conditions are

f ðn;0Þ ¼ �2�1ðN þ 2Þ�1n; hðn;0Þ ¼ /ðn; 0Þ ¼ 1;
f 0ðn;1Þ ¼ hðn;1Þ ¼ /ðn; 0Þ ¼ 0: ð10Þ

For the prescribed heat/mass flux case (PHF/PMF), we apply the
following transformations

n ¼ 2vwx=ðaðRa�xÞ
1=3Þ; g ¼ yx�1ðRa�xÞ

1=3
; w ¼ arðRa�xÞ

1=3f ðn;gÞ;
hðn;gÞ ¼ ðT � T1ÞkðRa�xÞ

1=3
=ðqwxÞ;

/ðn;gÞ ¼ ðC � C1ÞDðRa�xÞ
1=3
=ðmwxÞ; Ra�x ¼ gb cos XqwKx2=ðmakÞ;

S� ¼ b�ðmw=DÞ=bðqw=kÞ; qw=q0 ¼ ðx=LÞM ;
mw=m0 ¼ ðx=LÞM; vw ¼ v0ðx=LÞN; k� ¼ ErxRa�xða=2vwxÞ;
N1 ¼ 3�1ð3N �M þ 1Þ; ð11Þ

to (1)–(4), and we find that (1) is identically satisfied and (2)–(4)
can be expressed as

f 0 þ k�nðf 0Þ2 ¼ hþ S�/; ð12Þ

h00 þ 3�1½ðM þ 5Þfh0 � ð2M þ 1Þf 0h� ¼ N1nðf 0@h=@n� h0@f=@nÞ;
ð13Þ

Le�1/00 þ 3�1½ðM þ 5Þf /0 � ð2M þ 1Þf 0/� ¼ N1nðf 0@/=@n� /0@f=@nÞ;
ð14Þ

with boundary conditions

f ðn;0Þ ¼ �2�1ðN þ 2Þ�1n; h0ðn; 0Þ ¼ /0ðn; 0Þ ¼ �1;
f 0ðn; 0Þ ¼ hðn;1Þ ¼ /ðn;1Þ ¼ 0: ð15Þ

It may be noted that (7)–(10) and (12)–(15) for k ¼ k� ¼
M ¼ N ¼ 0 reduce to those of Yih [24].

The quantities of physical interest are the Nusselt and Sherwood
numbers and for PWT/PWC case are given by

Nux ¼ �xð@T=@yÞy¼0=ðTw � T1Þ ¼ �ðRaxÞ1=2h0ðn; 0Þ;

Shx ¼ �xð@C=@yÞy¼0=ðCw � C1Þ ¼ �ðRaxÞ1=2/0ðn; 0Þ; ð16Þ

2.0 1 0.76900 0.76900 0.769 0.769

2 0.71061 1.12150 0.710 1.122
4 0.65251 1.62213 0.650 1.624
6 0.62123 2.00180 0.618 2.009
For PHF/PMF case, they are expressed as

Nux ¼ ðRa�xÞ
1=3
=hðn;0Þ; Shx ¼ ðRa�xÞ

1=3
=/ðn; 0Þ: ð17Þ
8 0.60176 2.32521 0.597 2.332
10 0.58900 2.61100 0.582 2.617
100 0.50080 8.37626 0.490 8.424

1.0 1 0.62801 0.62801 0.628 0.628
0.8 1 0.59500 0.59500 0.595 0.595
0.5 1 0.54301 0.54301 0.543 0.543
0.2 1 0.48601 0.48601 0.486 0.486
0.1 1 0.46501 0.46501 0.465 0.465
0.0 1 0.44401 0.44401 0.444 0.444
�1.1 1 0.14424 0.14424 0.144 0.144
�1.2 1 0.19930 0.19930 0.199 0.199
�1.5 1 0.31509 0.31509 0.314 0.314
�1.9 1 0.42130 0.42130 0.421 0.421
�2.0 1 0.44522 0.44522 0.444 0.444
3. Results and discussion

We have solved Eqs. (7)–(9) under conditions (10) governing
the PWT/PWC case and Eqs. (17)–(19) under conditions (20) gov-
erning the PHF/PMF case by using Keller-box method which is de-
scribed in detail in [26]. We have carried out the sensitivity
analysis to examine the effects of step size Mg; Mn and the edge
of the boundary layer g1 on the solutions. The results presented
here are independent of Mg; Mn and g1 at least up to three decimal
places. In order to assess the accuracy of our solutions, we have
compared the Nusselt and Sherwood numbers for PWT/PWC and
PHF/PMF cases when k ¼ k� ¼ M ¼ N ¼ 0 (i.e., Darcy flow with uni-
form wall temperature/concentration or uniform wall heat/mass
flux), �2 6 n 6 1 with those of Yih [24] and found them in good
agreement. The maximum difference is about one percent.
Hence for the sake of brevity, the comparison is not shown here.
We have also compared the Nusselt and Sherwood numbers
ðRa�1=2

x Nux; Ra�1=2
x ShxÞ for the Darcy flow (k ¼ 0) corresponding to

the flat plate case for the self-similar flow with those of Bejan
and Khair [15] and found them in very good agreement. The com-
parison is presented in Table 1. Further, the heat transfer results
ð�h0ðn;0ÞÞ for the PWT case when S ¼ M ¼ N ¼ 0 have been com-
pared with those of Kumari and Jayanthi [25] with n ¼ 1 (Newto-
nian fluid) and they are found to be in very good agreement.
However, for the sake of conciseness, the comparison is not pre-
sented here.

The variation of the local Nusselt and Sherwood numbers for
the PWT/PWC and PHF/PMF cases with suction/injection n when
S ¼ S� ¼ �0:5; 2:0; M ¼ N ¼ 0:25; Le ¼ 5; k ¼ k� ¼ 0:01; 0:05;0:1
is shown in Fig. 1. In general, the Nusselt and Sherwood numbers
increase with suction, but decrease with injection due to the
reduction of the thermal and concentration boundary layers by
suction and thickening of these boundary layers by injection. The
Nusselt and Sherwood numbers increase with S or S�, since the
net positive buoyancy force acts like a favourable pressure gradient
that accelerates the fluid in the boundary layer which results in the
reduction of the boundary layer thicknesses. Consequently, the
temperature and concentration gradients at the surface and
the Nusselt and Sherwood numbers increase with S or S�. When
the other parameters are fixed, the Nusselt and Sherwood numbers
decrease with increasing k or k� due to the more resistance being
offered by the porous medium to the fluid motion as k or k� in-
creases. For Le > 1, the Sherwood number has higher values than
the Nusselt number, because increase in Le ð¼ Sc=PrÞ implies either
increase in Sc or reduction in Pr. Consequently, the concentration
boundary layer becomes thinner than the thermal boundary layer.
Hence, the gradient of the concentration at the surface as well as
the Sherwood number are higher than the gradient of temperature
and the Nusselt number, respectively. If Le < 1, then the Nusselt
number is greater than the Sherwood number.

Fig. 2 presents the effect of the index M on the local Nusselt and
Sherwood numbers when Le ¼ 5; k ¼ k� ¼ 0:1, N ¼ 0:25; S ¼ S� ¼
�0:5; 2:0, �2 6 n 6 2. Since increase in M implies increase in tem-
perature/concentration or heat/mass flux which causes reduction
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Fig. 1. Effect of k and k� on the local Nusselt and Sherwood numbers.
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Fig. 2. Effect of M on the local Nusselt and Sherwood numbers.
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Fig. 3. Effect of N on the local Nusselt and Sherwood numbers.
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in the boundary layer thicknesses. Consequently, the Nusselt and
Sherwood numbers increase.

Fig. 3 shows the effect of the parameter N which characterizes
the variation of the normal velocity at the surface vw with the dis-
tance n on the Nusselt and Sherwood numbers for the PWT/PWC
and PHF/PMF cases when �2 6 n 6 2, Le ¼ 5, k ¼ k� ¼ 0:1,
M ¼ 0:25, S ¼ S� ¼ �0:5; 2:0. Since increase in N implies reduction
in the suction/injection rate at the surface ðfw ¼ �n=2ðN þ 1ÞÞ, the
Nusselt and Sherwood numbers decrease for suction ð�2 6 n < 0Þ
as N increases when all other parameters are kept constant, but
opposite trend is observed for injection ð0 < n 6 2Þ.

4. Conclusions

The natural convection non-Darcy flow over a vertical cone
embedded in a saturated porous medium under more general con-
ditions has been studied. The results show that the local Nusselt
and Sherwood numbers are strongly influenced by suction/injec-
tion, and variation in wall temperature/concentration or wall
heat/mass flux.
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